Abstract. In this paper we study the infiniteness of Hilbert 3-class field tower of real cubic function fields over F q (T ), where q ≡ 1 mod 3. We also give various examples of real cubic function fields whose Hilbert 3-class field tower is infinite.
Introduction
Let k = F q (T ) be a rational function field over the finite field F q of q and A = F q [T ] . For a finite separable extension F of k, write O F for the integral closure of A in F . Let ∞ be the infinite place of k and S ∞ (F ) be the set of places of F lying over ∞. Let be a prime number. The Hilbert -class field of F is the maximal unramified abelian -extension of F in which every places ν ∞ ∈ S ∞ (F ) splits completely. Let n+1 for each n ≥ 0. For a multiplicative abelian group A, let r (A) = dim F (A/A ) be the the -rank of A. Let Cl F and O * F be the ideal class group and the group of units of O F , respectively. Schoof [6] proved that the Hilbert -class field tower of F is infinite if
In [1] , Ahn and Jung studied the infiniteness of the Hilbert 2-class field tower of imaginary quadratic function fields. Assume that q is odd with q ≡ 1 mod 3. In [3] , we studied the infiniteness of the Hilbert 3-class field tower of imaginary cubic function fields. By a real cubic function field, we always mean a finite (geometric) cyclic extension F over k of degree 3 in which ∞ splits completely. The aim of this paper is to study the infiniteness of the Hilbert 3-class field tower of real cubic function fields and give a various examples of real cubic function fields which have infinite Hilbert 3-class field tower.
Preliminaries

Rédei matrix and the invariant λ 2
Assume that q is odd with q ≡ 1 mod 3. Fix a generator γ of F * q . Let P(A) be the set of all monic irreducible polynomials in A. Assume that we have given a total ordering "<" on the set P(A) such that P < Q for any P, Q ∈ P(A) with deg P < deg Q. Then any real cubic function field F can be written as
If we assume that P 1 < · · · < P t and r 1 = 1, then D is uniquely determined by F , and we
For 0 = N ∈ A, write ω(N ) for the number of distinct monic irreducible divisors of N . Then, by the Genus theory (see [2, Corollary 3 .5]), we have 3 , and the diagonal entries e ii are defined to satisfy the relation
We associate a (t + 1) × t matrix R F over F 3 to F as follows:
q and e Bi ∈ F 3 is defined by η e iB = (
Hence, by inserting (2.2) and (2.3) into (2.1), we have
Some lemmas
Let E and K be finite (geometric) separable extensions of k such that E/K is a cyclic extension of degree , where is a prime number not dividing q. Let γ E/K be the number of prime ideals of O K that ramify in E and ρ E/K be the number of places
then E has infinite Hilbert -class field tower (see [1, Proposition 2.1]). By using this criterion, we give some sufficient conditions for a real cubic function field to have infinite Hilbert 3-class field tower. For D ∈ A, write π(D) for the set of all monic irreducible divisors of D.
and ρ E/K = 0, the inequality (2.5) is satisfied, so E has infinite Hilbert 3-class field tower. By hypothesis, P 1 , P 2 , P 3 , P 4 , P 5 and ∞ split completely in K, so E is contained in F 
then F has infinite Hilbert 3-class field tower.
and ρ E/K = 0, the inequality (2.5) is satisfied, so E has infinite Hilbert 3-class field tower. By hypothesis, P 1 , P 2 , P 3 and ∞ split completely in K, so E is contained in F (3)
1 . Hence F also has infinite Hilbert 3-class field tower.
Hilbert 3-class field tower of real cubic function field
Assume that q is odd with q ≡ 1 mod 3. In this section we give several sufficient conditions for real cubic function fields to have infinite Hilbert 3-class field tower and examples.
Let F be a real cubic function field. Since r 3 (O * F ) = 2, by Schoof's theorem, the Hilbert 3-class field tower of F is infinite if r 3 (Cl F ) ≥ 6. Proof. By using the Schoof's theorem with (2.4), we see that F has infinite Hilbert 3-class field tower if
By (2.2), F has infinite Hilbert 3-class field tower if ω(D F ) ≥ 7 or ω(D F ) ≥ 8 according as D F is special or not. We will consider the cases that ω(D F ) ≤ 6 if D F is special and ω(D
Hence the result follows immediately. 
Proof. By applying Lemma 2.1 with D = Q, we see that F has infinite Hilbert 3-class field tower.
. Take Q = T 3 +2T 2 +1, P 1 = T , P 2 = T + 2, P 3 = T + 3, P 4 = T 2 + 2 and P 5 = T 3 + T + 1. By simple computations, we see that ( 
For α ∈ F * q , let N (n, α, q) be the set of monic irreducible polynomials of degree n with constant term
For each r ∈ D n , let r = m r d r , where d r = gcd(r, q n −1 q−1 ). In [7] , Yucas proved that N (n, α, q) satisfies the following formula:
where f is the order of α in F * q . Example 3.4. Let k = F 7 (T ) and A = F 7 [T ]. We will find the number N (3, 1, 7) . We have with e, e i ∈ {1, 2} and e 1 + e 2 + e 3 + 2e 4 ≡ 0 mod 3, we have ( 
Proof. By applying Lemma 2.2 with D 1 = Q 1 and D 2 = Q 2 , we see that F has infinite Hilbert 3-class field tower.
By simple computations, we see that ( . Take P 1 = T , P 2 = T +2, P 3 = T 2 +1, Q 1 = T 3 +T +1, Q 2 = T 3 +T 2 +1 and Q 3 = T 3 +T −1. By simple computations, we see that
Hence, we have
Then, for any D = P 
